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A combinatorial approach is employed to calculate exact expressions for the extent of binding to a finite one ciimeu- 
ional lattice of Iigands which cover mom than one lattice site. The binding may be either cooperative 01 non-cooperative. 
IX is found that the assumption of an effectively iufinite Iattice is generally a good one, except with relatively low ccm- 
centrations of strongly cooperative ligands, An rpproach ta analyzing experimental data is suggested which makes SX- 
plicit use of the lattice length dependence of binding to extract more information about the bindim parameters than 
cm be obtained using the infinite lattice approximation. It is shown that irreversible binding carmc? be vielwd as a limit- 
ing case of reversible binding. The reasons for this difference are discussed, and expressions for the extent of irreversibie 
binding are derived. 

A large number of biochemically sign%cant reac- 
tions involve the binding of hgands to a molecule 
which coreMutes an essentiaUy one-dimensionat. 

lattice. In many of ttiese reactions, e.g., when the 

Iatiice is an aEgo- or polynucleotide and the Iigand 
is a basic polypeptide, the binding may be p.rimariiy 
dectrostatic, and hence non-specific, so that the 
lattice may be regarded as homogeneous. A further 
feature of such processes is that the ligands are often 
large, in the sense that when a particular lattice site** 
is covered by a bound %&and, one or more contiguous 
sites are then unavailable for the binding of further 
Iigand molecules. The binding characteristics of such 
huge Egands are quite different from those of small 
ligands which occupy only a single site. 

* Permanent address: Department of Chemistry, Brand& 
University, W&t&am, Mass. 02154, USA. 

** We shaii use the term s’he throughout this paper to ref%et 
to a single element of the lattice. A collection of n adja- 
cent sites, required in order for au n-site iismd to bind, 
will be referred to as a bimding region or simply, a 
?-&Of& 

‘The differences between large and small hgands 
have been thorougb.Iy discussed by McGhee and van 
Hippel fl] , who developed a theory to describe the 
extent ofbinding, either non-cooperative or coopera- 
tive, of large ligands to an infinite one dimensional 

lattice. S&wan [Z’j has recently presented a more 
general discussion of such systems as well as consider- 
ing more complex comb~uatio~s of binding processes. 

Recent experimental studies of the binding of 
E. coli ribosomai protein Sl f3f and of T4 gene 32- 
protein [4] to relatively short (“2-20 bases) oligo- 
nucleotides have provided important insights into 
the possible in t&o fuuct~o~ng of these proteins. 
With the improvement of techniques [SJ for the 
preparation of pure, well characterized oligonudeotide 
sequences, it would seem desirable to have a clear 

theoretical understanding of large Iigand binding to 
lattices in which the infinite lattice approximation 
may be expected to break down. Also, a more precise 
characterization of when a lattice may be taken to 
be “effectively infinite” should be of some interest. 

Latt and Sober [6] have analyzed the non-coopera- 
tive binding of large ligands to a finite lattice using 
a combinatorial theory of ligand binding. While com- 
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binatorial methods are of little use in dealing with 
infinite lattices, they are ideally suited for fiite 
lattices, where the conditional probability approach 
of McGhee and von Hippel [l] or other approaches 
based upon doublet closure [8] become unwieldy, 
owing to the necessity of treating each lattice site 
separately. The alternative and powerful method of 
sequence generating functions [9] also becomes in- 
applicable when the effects of a finite lattice must 
be taken into account. 

In this paper, we use a combinatorial approach to 
derive exact expressions for the cooperative as well 
as non-cooperative binding of large ligands to a 
finite lattice of arbitrary length. We then look at 
how,rapidly the results approach the infinite lattice 
limit as the lattice length is increased. We indicate 
how our equations might be used to extract equilib- 
rium constants, ligand lengths and cooperativity 
parameters from experimental binding data. Situa- 
tions in which more than one type of ligand may bind 
or, alternatively, in which the same ligand may bind 
in two or more different ways to the lattice are also 
considered. 

Finally, we investigate the irreversible binding of 
large ligands or the equivalent process of ‘ihe irrevers- 
ible transformation of a lattice in blocks comprising 
several adjacent sites. By extending an approach first 
employed by Flow [lo], we obtain results which 
show that the extent of irreversible binding is iwt the 
limit of the extent of reversible binding as the binding 
constant and/or the free &and concentration approach- 
es infinity. This apparently paradoxical result is inter- 
preted in kinetic terms. The diiferences between long 
and short ligand binding extend, of course, to kinetic 
as well as to thermodynamic properties, and we shall 
treat the kinetics of long &and-lattice interactions 
elsewhere. 

2. Reversible binding 

We shall consider the binding of a l&and of length 
?I 2 1 to a httice which contains M sites. In order for 
binding to occur, there must be IZ adjacent empty 
sites (a binding region) available on the lattice. For 
the sake of definiteness, we number the lattice sites 

1 to M from left to right and also take the binding of 
an individual ligand to proceed in this direction. Then, 
binding a ligand at site q (Le., in the region which 
“star&at” siteq, and includessitesq, q + 1, ___, q +n - 1) 
implies that ligands may no longei be bound at sites q - n 
-tlthroughq+~z-ll.atotalof~z-~ &es.Itisthis 
exclusive or “multiple contact” [2] binding which, 
for n > 1, gives rise to the special nature of large 
ligand-lattice interactions. We note that the above 
description does not necessarily imply that the l&and 
binds to II distinct monomers in the lattice, but only 
that by virtue of binding, steric, or other factors it 
requires and renders unavailable for further binding 
n consecutive sites. These assumptions imply that 
the rightmost 12 - 1 positions of the lattice may not 
be utilized as starting points for &and binding, 
though they may, of course, be occupied by ligands 
which start binding at points further from the end 
of the lattice. Further comments on end effects will 
be found in sections 2.5 and 2.6. 

We define a bitzding constant K which characterizes 
the binding of a i&nd to an isolated binding region, 
i.e., to a group of n unoccupied sites bordered at 
each end by at least one further unoccupied site. If 
we let u signify an unoccupied site, (I,,) a free and 
(l,) a bound ligand molecule, then K is the equilibrium 
constant for the association reaction 

_.- u,” --__ u,u -.- -I- (Ln)* _.- u (Z,) u -._ 0) 

(n+2) 

We also define a cooperativity parameter w such that 
the equilibrium constant for binding a ligand to a 
sizzgZy contiguous region, i.e., for the reaction 

..* (l,)p . . . . . . u’! . . . -I- (45,) + .-. (l,)(l,)u __- (21) 

<n+-lI 
or 

_.. uu .-- u (I,) ___ + (L,) + u (Zn)(Zn) _-. 

(n*l) 

(2b) 

is Ko. Consistency requires that the equilibrium con- 
stant for binding to a doubi” contiguous region, i.e., 
one bordered on both sides by a bound &and, be 
Ko2. Values of w greater than 1 define a cooperative- 
ly interacting &and, w = 1 implies non-cooperativity, 
and o < 1 corresponds to antiwoperativity. We as- 
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Fig. 1. The nine distinct cor@tuations with M = 14, n = 3, 
k=4,j=2. 

sume that binding constants are unaffected by the 
states of any sites other than those of the immediate 
nearest neighbors. 

We further define 

Sz= [M/Jr] (3) 

where [M/n] signifies the greatest integer less than 
or equal to M/n, as the maximum number of ligands 
which may bind to the lattice. Let 

r=M- ng (4) 

be the number of lattice sites remaining when the 
lattice is fully covered, 0 <r =G n - 1. Finally, let the 
free ligand concentration be denoted by L. 

Now consider the various possible arrangements of 
ligands on the lattice. Any given configuration may 
be characterized by the number of ligands bound, k, 

and by the number of adjacencies, j_ The number of 
adjacencies is defmed as the number of times, starting 
from the left end of the lattice, that we encounter a 
bgand with its right end adjacent to the left end of 
another bound ligand. Clearly,j< k - 1. Fig. 1 illus- 
trates the nine possible configurations with k = 4, 
j = 2 for a Isite ligand binding to a 14-&e lattice. 
Any equilibrium property of the &and-lattice system 
should be calculable as an appropriately weighted 
average over all possible configurations. The number 
of wnfigumtions, however, grows exponentially 
with M. Since all binding (as opposed, for example, 
to kinetic) properties must be the same for configura- 
tions, such as those in fig. 1, with equal values of k 
and j, the problem may be rendered tractable by con- 

sidering separately only sets of configurations with 
distinct k and j values. The task then becomes that of 
calculating the statistical weight of each set (k,j). 

It is clear from our assumption of non-specific 
binding and from our definitions above, that the rela- 
tive probability of any single configuration in the set 
(k, j) is just (KLFJ, where we assign unit relative 
probability to the reference state of a naked lattice 
(k,i)= (0,O). What we now need to know is the 
number of configurations in each set (k, j)_ Let us 
denote this quantity as PIM(k, j), i.e., P&k, j) is the 
number of distinct ways that k n-site ligands may bind 
to anM-site lattice with j adjacencies. If the value of 
n is not obvious from the context, we may include it 
as a superscript on P&(k, j). 

If the PIM(k, j) are available, then we may express, 
for example, the average number of bound ligands as 

(5) 

We shall be particularly interested in the extent of 
binding or the fraction of occupied sites 8, defined by 

6 = m-%/M. (6) 

Another quantity of potential experimental inte- 
rest [I ,11,12] is the average length of r-uzlizs, where a 
run is defmed as the number of consecutive sites 
covered by bound l&and. For example, in fig- 1, con- 
figurations a, b, e, f, g and h have run lengths of 9 
and 3, while configurations c, d, and i each has two 
runs of length 6. The average run length for every 
configuration in fg_ 1 is thus 6. The number of runs in 
any configuration is just k - j_ Therefore if we define 
an average number of adjacenciesFby g k-l 

F= C C iPJf(k. j)(KLFJ 
k=O j=O 1 

I 

-1 

, 

the average r&r length F-is given by 

T= ,&l(E - 3 =‘MO@ - 3_ (8) 



Other quantities such as the probabihty of occur- 
rence of any given number of bound hgands, adjacen- 
ties or runs, may be similarly caku3ated. 

Thus, if the P&C, j) are found, ah quantities of 
interest with respect to binding may be written as 
ratios of polynomials in the free &and concentration, 
where the coefficients depend upon the binding con- 
stant and the cooperativity parameter, and the degree 
of the polynomiak is the maximum number of hgands 
which may be bound. We now turn to the determina- 
tion of the PM&j). 

22, CMx&z?~on of Hre P&k, j] 

We wish to determine the number of distinct ways 
of di~ribut~g k n-site Egands on an M-site lattice with 
precisely j adjacencies. We shah obtain this quantity 
in two different ways, fust by a purely combinatorial 
a.nalysis which yields a multiple sum, and then by an 
approach based on the notion of building up the 
lattice from smaller lattices, from which we derive 
recursion relations. 

If we are to h,ave k bound hgands with j adjacen- 
ties, we must have exactly k - j d.istinc~ runs on the 
lattice. In order to keep the runs separated, each of 
thek-j- 1 leftmost runs must be terminated at 
its righthand end by an “attached” vacant site. The 
remaining vacant sites may then be arbitrarily d&rib- 
uted on the lattice along with the runs and their 
attached sites. The number of such unattached vacan- 
cies is just 

N,=M--nk-(k-j-1) 03) 

merefore, if we consider the k - j ruas as one class 
and the NU unattached vacant sites as a second class 
of independent element, the number of possible con- 
figumtions is just 

(9) 

In obtaining eq. (9) we have treated the k - j runs 
as being identical, ignoring the fact that they wiU ifr 
general he of different lengths. To calculateP~~z~k, j), 
we must multiply rV, by the number of different ways 
in which the run lengths may be arranged, i.e., by the 

number of different ways in which the integer k may 
be partjtioned into k _- j positive integers. In the 
example of dig. 1, we have k = 4,j = 2, and the three 
possible partitions are 3 + 1,2 + 2, and 1 + 3. The 
partition 3 + 1 corresponds, fo; example, to the struc- 
tures a, b, and g in which a run of 3 hggnds is followed 
by a run of 1 i&and. Each of the other partiiions also 
colKespoRdsto.iYC = 3 configurations. 

The number of distinct partitions of the integer k 
into k -j positive integers is given by 

(k - I)! 
NP=j!(k- j- I)!’ mo 
Combining eqs. (EC)--(IO), we fhraliy obtain 

P&k, j) = N$n 

(M- nk + l)!(k - l)! 
=(Jf--nk-k+j-i-I)!(k-j)!j!(k-j- I)! (I’) 

In the case of non-cooperative binding, o = 1, the 
number of adjaoenciesj is &relevant for most pur- 
poses. The k hgands and the IV - nk unoccupied sites 
are now ah independent units and the expression (11) 
becomes 

(W 

On suppressing the index j and the sum overj in 
eq. (5). we obtain the equation given by Latt and 
Sober [63, with the generahrstion that M need not 
be an integral multiple ofn. 

The analysis leading to recursion relations for the 
PH(k, j) is somewhat more direct. We ask in how many 
ways we may obtain a confiiumtion which contributes 
to ?&@,,j) by adding on either unoccupied sites or 
bound Ligrrnds to con@urations of sma.Uer lattices. 
Without loss of generality, we may take this addition 
to occur at the right band end of the Eat&e, and we 
partition Pa(k,j) into two cumponents 

Pa&j)=Q&,j)* -tQ@,j)-, 03) 

where the plus superscript indicates that the last 
(right-most) site ofthe lattice is occupied and the 
minus that it is empty- (In fig- l,Pl4(4,2)* 5 6, 
&(4,2)- = 3.) 

Un reflection it becomes clear that &here are just 
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three ways in which shorter lattices can gjve rise to 
configurations which contribute to P,,(k, j): 

a) We add an unoccupied site to an (M - I) site 
lattice with a (k,j) configuration- Thus P&r (k, j)+ 
and P’_l(k,j)- contribute to P&k,j)-. 

b) We add a bound ligand to an (M - n) site 
lattice with a (k - 1 ,j) configuration and the last 
site unoccupied. Thus &,_+(k - 1 .j)- contrrbutes 
to PM(k, j,+- 

c) We add a bound ligand to an (M - n) site 
lattice with a (k - 1 ,I - I) configuration and the last 
site occupied. ThusP’T_.l(k - 1,j - l)+ contributes 
to P,,(kj)+- 

Possibilities a)-c) are disjoint and inclusive. We 
therefore have 

PM&j)+ = PAT_-,(k.j)+ + P&-,(k - 1 ,j - I)“, - (14) 

pM(kTj)- =P~~-l(k,j)-“PrM_1(k,‘rc.i)+- (15) 

Combined with eq. (13) and with the conditions 

P,,(O, OS = 0, 

Q(O, O)- = 1, ifM>O (16) 

PA&k, j) = 0, ifjor k<O 
or ifj>k 

or ifnk >M 

eqs. (14) and (15) suffice to determine all the 
PM(k,j). We note that since the matrices&(k, j) 
are independent of the binding and cooperativity 
parameters, once a ligand len,@h and maximal lattice 
lengg are chosen, the P&k, j) may be constructed 
once and then stored for any future calculations 
with other parameter values. 

2.1 Dependeme of 0 on lattice length 

The assumption of an infnite lattice is, of course, 
always an approximation. Nevertheless, the equations 
given by McGhee and von Hippel [l] and by Schwarz 
[2] make the infinite lattice approximation an attrac- 

tive one for the analysis of experimental data. It is 
therefore desirable to know how long the lattice 
must be in order for the infinite lattice approxima- 
tion to hold to a desired degree of accuracy. In order 
to answer this question, as well as to study the nature 
of the approach of the extent of binding 8 to its 
in&rite lattice limit e,, we have carried out a number 

of calculations of 0 as a function of lattice length M 

for various combinations of the parameters II. KL, 
and w. 

As previously suggested [l], O(M) generally ap 
proaches 0, from below as the lattice length is in- 
creased, though for anticooperative ligands in rela- 
tively high concentrations (e.g_, IZ = 2, KL = 10, 
o = 0.2), the approach can be from above. For non- 
cooperative and anticooperative ligands, 0 tends to 
approach its infinite lattice limit monotonically with 
increasingfif, after some initial fluctuations, but for 
cooperative ligands, e(N) exbrbits pronounced oscilla- 
tions of period rr about an envelope which increases 
toward the asymptotic limit 8,. This behavior results 
from the tendency of highly cooperative ligands to 
cluster into a single run which efficiently covers the 
lattice, leaving only the r (eq. 4) sites which cannot 
be fiUed. We therefore expect, and find, that the 
oscillations will have maxima for r = 0 (Le., M an in- 
tegral multiple of n) and minima for r = n - 1, and 
that they will be most pronounced for large values 
of w. We show in fig. 2 examples of the typical 
monotonic increase.of e(@) for ligands without ex- 
treme positive or negative cooperativity, the anomal- 
ous decreasing 0 function for an anticooperative 
l&and, and the characteristic oscillations of a highly 
cooperative binding process. 

The question of when the infinite lattice approx- 
imation becomes satisfactory depends strongly upon 
the parameters of the binding process. In table 1, 
we give values ofg2. and glcJ which are defined as 
those values of g (eq. 3), the maximum number of 
ligands which may be bound, such that for the given 
values of n. KL and w, e(nl) is within 25% of 8, if 
M/22 exceedsg= and within 10% ifM/rr >gln- In 
general, we find that the infinite lattice approxima- 
tion should be satisfactory in most experiments even 
for fairly short lattices. There does appear to be one 
major exception, however. 17hen we have relatively 
low concentrations of a strongly cooperative ligdnd 
(KL -=C 1, o 9 1 ,KLw = l), the approach to the 
infinite lattice limit becomes quite slow. For a S-site 
&and, for example, with w = 10’ and KL = 10e2, 
even a 75-site lattice gave only 72% of the infinite 
lattice value of 8, while no other combination of 
parameters investigated for this value of 22 gave a 
gz value greater than 6. Experimentalists who wish 
to employ the infinite lattice expressions in analyzing 
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bin&g to digomers should be careful to choose 
ligand concentrations which avoid tfiis regime. This 
anomalously slow approach to 8, appears to be as- 
so&ted with a tendency of the bound Egands to 
cluster :ogether in the center of the Lattice and to 
avoid occug~ying the end sites. 

Akmg with their derivat%oon of the equ&ioz~ for 

the infiite lattice limit f?,, McGhee and vort l-Zig@ 
[ 13 also present expressions for estimating # for 
finite Lattices from t?, in the limits 6 + 0 and 0 + 1. 
We fmd that if@, = 0.75, then the McGhee-van 
Hippel appBXhna%ioll 

5 70 15 20 25 30 35 
tottice 1ength.M 



N KL w 82s =) 810 a> 60. 

2 0.01 0.2 
1.0 

10.0 
100.0 

1000.0 

0.1 0.2 
1.0 
10.0 

100.0 
1000.0 

X.0 0.2 

1;::: 
100.0 

1000.0 

IO.0 0.2 
1.0 

10.0 
100.0 
1000.0 

5 0.01 0.2 
1.0 

10.0 
100.0 
1000.0 

0.1 0.2 
1.0 

10.0 
100.0 

1000.0 

X.0 0.2 
1.0 
10.0 

100.0 
1000.0 

10.0 0.2 
1.0 

10.0 
100.0 
1000.0 

0.01 0.2 
1.0 
10.0 

~00.0 
1000.0 

0.1 0.2 
1.0 

10.0 
100.0 

1000.0 

10 

2 
2 
3 

>2Sb) 
4 

5 
5 

,557 b) 
7 

3 
4 
17 
7 
5 

1 

: 
5 
S 

3 
3 
5 
5 
5 

8 
8 

0.019 
0.019 
0.023 
0.508. 
1.000 

0.139 
0.155 
0523 
o-997 
1.000 

0.420 
0358 
0.970 
0.999 
1.000 

0.634 
0.844 
0.994 
1.000 
1.000 

3 
3 
4 

>18b) 
4 

9 
>43b) 

IO 

0.045 
0.046 
0.054 
0.520 
o-999 

2 5 0.253 
3 6 0.273 
6 12 0550 
4 10 0991 
3 8 1.000 

1 ? 0545 
1 4 0.619 
3 7 0.934 
3 8 0998 
3 8 1.000 

3 0.708 
3 0,810 
7 0.980 
8 0.999 
8 1.000 

4 
4 
4 

>x3b) 
4 

9 
9 
11 

>33b) 
12 

0.083 
0.085 
0.098 
0532 
0.999 

2 6 0.356 
3 6 0.373 
4 10 0.582 
4 11 0.983 
3 9 1.000 



w 825 =) gloa) em 

1.0 0.2 2 3 0.620 
1.0 2 4 0.664 

10.0 3 6 0.901 
100-o 3 9 O-996 

1000.0 3 9 1.000 

0.2 2 4 0.752 
1-o 2 3 0.808 

10.0 3 7 O-964 
100.0 3 9 0.998 

1000.0 3 9 1.000 

10.0 

a) See text for definition. 
b, Btimated. 

is accurate to better than 10% for essentially all 
.values of Mb > 2). The low binding limit 

(1% 

appears to hold whenever 6, <, 0.15. 

2.4. Anabsis of expetimemal data 

The above results show that for a large number of 
experiments, analysis using the infinite lattice approx- 
imation should suffice. This is particularly reassur- 
ing, since experiments with relatively long lattices 
generally employ an indeterminate mixture of lattice 
lengths. We should emphasize again, however, that 

for strongly cooperative ligands binding to moderate- 
ly long lattices, care should be taken to avoid making 
measurements at concentrations such that L = (Km)-’ 
if the infinite lattice expressions are to hold. Of 
course, in such cases one can al-ways employ the finite 
lattice results derived here. 

One problem in analyzing data within the infinite 
lattice approximation has recently been noted by 
Schwan [2]. If one measures the extent of binding 
as a function of the free ligand concentration and 
attempts to extract all the relevant binding param- 
eters, a serious difficulty arises. The quantities n and 
w have countervailing effects on the binding [1], and 
analysis of Scatchard plots and expressions for their 
slopes and intercepts at the high and low saturation 
extremes shows [2] that only the ratio n/w, but not 

the individual parameters, may be extracted with any 
accuracy from typical experimental data. We may ask 
whether the additional information provided by 
measurements on finite lattices of known length 
might enable us to infer accurate, independent values 
of rz and w. 

Suppose that one is able to measure 0 as a function 
of L for several different (and known) values of the 
lattice len,gth M. In particular, suppose ihat these 
measurements may be carried out at rather low values 
of 8, i-e., for K.L < 1, 3 10. Under these conditions, 
the influence of the cooperativity parameter o is 
slight; that is, we need consider only the terms with 
X-=Oandli= 1 (i=O)ineq.(5).Usingeq.(Il)we 
fmd that 

P,,(O, 0) = 19 P.(l.O)=M-n-t1 (1920) 

If we now differentiate eq. (6) with respect to L and 
let XL be small, we obtain the limiting value so for 
the slope of a plot of 8 versusL as both quantities 
approach zero: 

Ifs, values are obtained for several different 
lattice lengths, then a plot of so versus 1 /ilf has slope 
rrK(1 - n) and intercept IX, so that n and K may be 
determined. Having found 12, one then calculates the 
coefiicients Ps(k,j). Using eqs. (S), (6) and (1 i), w 
and, if desired, an improved value of K may be com- 
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puted by a least-squares fit or other procedure from 
the measured values of 0 as a function of L. 

We also note that in the limit of a saturated lattice 
(KL s l/w), de/dL approaches zero and 0 approaches 
?zg/M, which is also independent of o. Measurement 
of this limiting value at several preferably small and 
consecutive values of M will also yield the value of 
n, but this limit may be experimentally more difficult 
to reach 

25. End effects 

In treating binding to a fLnite lattice, it is necessary 
to make some assumption about the nature of bind- 
ing at the ends of the lattice_ The effects of this 
choice disappear as the length of the lattice is in- 
creased, but they may be significant for finite lattices. 
We have simply assumed that no binding is possible 
unless the ligand has a full region of IZ sites available 
at the end of the lattice. An alternative and more 
general assumption is that ligands can bind to fewer 
than 11 sites at the end, but with some reduced binding 
constant K,_ One might even permit binding to JZ - 1, 
n - 2, .-*, 1 end sites with each type of binding having 
its own distinct binding constant. While such an 
approach may be somewhat closer to reality, and 
does not render the combinatorial analysis totally 
intractable, it does introduce one or more additional 
parameters, which would probably be difficult, if 
not impossible, to get at experimentally. Perhaps 
a more appropriate procedure in some cases would 
be to allow for the possibility of imperfect binding 
or “wobble”, Le., binding as if the ligand had fewer 
than n sites, anywhere on the lattice including the 
ends. Such a situation would be equivalent to an 
experiment involving two or more different ligands 
and would be susceptible to the analysis given in the 
following section. 

In deriving our recursion relations, eqs. (14&(16), 
we divided P&,j) into two components (eq- 13) 
according to whether or not a particular configura- 
tion had the last lattice site occupied. We can use 
this information to calculate the probability, as a 
function of lattice length, that the end position is 
occupied. If we call this probability Rm, we have (cf. 
eqs. 5, 11, 13) 

(22) 

One might expect that RIM should approach 8, as 
M + 00. This is not the case. RM does approach a 
limiting value R _ , but in general we find that 

e,/fl -c R, c 8,. (23) 

To account for the somewhat surprising result 
of eq. (23) we must first recognize that the reason 
that binding properties approach limiting values as 
M+ 0 is not that the end positions begin to resemble 
the middle, but that the contribution made by the 
two end positions becomes negligible with respect 
to that of the M - 2 interior sites. ZXe erzd positions 
are always diffffent- In effect, the growth of the 
lattice occurs in the middle_ Eq. (23) can now be ex- 
plained by observing that a site in the interior ofthe 
lattice may be occupied by ligands which “start” 
binding at any of II sites (the site in question and its 
n - 1 iefthand neighbors), while the last site is occu- 
pied only if a l&and binds II sites from the end. On 
this basis R, should be roughly tY,/lz. However, there 
is also a factor which tends to favor binding at the 
lattice ends. Binding at interior sites may be blocked 
by ligands bound at any of the )I - 1 positions on 
either side. For the last allowed binding site however, 
ligands cannot bind to its right, so the probability 
of its being available is increased by nearly a factor 
of2. We thus expect, ignoring cooperativity effects, 
R z~ 26/n, which is in agreement with eq. (23) and 
with our results for o = 1. 

The only exceptions we find to eq. (23) are in 
cases of very high coopemtivity and reiatively low KL, 
in which the few ligands bound tend to cluster in the 
lattice interior, and R falls below S/>z. These cases 
also correspond to the very slow convergence of 8 to 
0 co with increasing lattice length (e.g., fig. 1 d). 

Whether the special nature of the end sites, even 
in very long lattices, may have an effect on the beha- 
vior of polynucleotide lattices which have particu!ar 
functional sites located near one end, remains to be 
seen. 

2.0. More tJzan oue @pe of binding 

In many cases of experimental interest one wishes 
to be able to predict the extent of binding of each of 



two or more different Ijgands to a lattice. such. wses 
include acrual ~orn~et~ti~~ experiments in WhiGh a 
dye moIecule or sin-@7 ion is present ia add&ion to 
a polypeptide &and [I 31, situations in which aggr+ 
g&ion of Iigands before binding may be significant, 
and studies in wMch pztiaf binding of ligands, as 
discussed I& fbe pretious sectiori, may play a role. 

Whife the metfiods oT se&on 2.2 may be extended 
in a stra&htf&ward, if tedious, way to the binding 
of an arbitrary number of Egands all ofwhkb have 
cooperative intera\ctions with one another, it 5s clear 
thar the proliferation of parameters in such an approach 
witl render the results of miuimaf use to the experi- 
m~ntelist. We limit ourselves, therefore, to consider& 
t&m to two relaiiwdy Smpk sizuaiions: the bind&g 
of severa no~~o~pe~~~~ figands, and a competition 
experiment between an n-site cooperative &and and 
a shart non-cooperative Jigand (e.g. a sodium ian [6])+ 

To obtain the stat&tical we~~ts~~~~~* kz eev k& i.e., 
the number of configurations containing ki Ggands of 
type i, i = 1, 2, .,., 4, we observe that each l&and 
and each of the M - XIZ& vacant sites represents 
an ~nd~~e~dent unit, The analog of eq. (12) is thus 

Now consider the binding of an m-site &and with. 
binding and cooper&iv&y pammetefili: and w and 
concentration L in the prese~~ce of a smafl Ega.nd 
with b~d~g constant KS, coneentratio;ll, and no 
cooperative interactions either with itself or tith the 
larger &and. We defme g zmd B for the large @and 
as in eqs. (3) and (6). Let Bs be the extent of binding 
of the sm%lI Zigand, and let Pdk*j, E) by: the number 
of ~~~gorations cont&ning k large lgands with 8 
adjacencies and f srnalf Iigandzk We have 

@,=Q&f 

aud 

Since the small li@nds are ~on-~oo~e~t~ve and 
occupy only one s&e, they are equivalent, from the 
point ofview of counting independent units, ta 
vacant sites. Thus the analysis of section 2.2. I still 
.h&ds, witth the number of vacant sites being reduced 
by the msrnb~~ of smr& Egands bound. 33e analysis 
of the distribution of the mns of large Egands is total& 
unaffected by the presence of the small ligands (their 
effect isfelt cm.& h-the @&Z$ tennsin eqs. (29)- 

(XI)), so we obtain 

From eqs, (2:28)--(3X) a complete analysis of such a 
competition experiment may be carried out. 
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3. Irreversible binding 3.1. Recursion relatioizs 

If we let KL become very large in eq. (S), we ob- 
tain the limiting value 

&zE=g (32) 

which, on insertion in eq. (6) and using eq. (4), yields 

In order to treat irreversible binding properly, we 
adopt an approach similar to that of Fiery [lo] _ Let 
us define SM as the average number of vacant lattice 
sites at saturation when an rz-site !igand binds irre- 
versibly with cooperativity parameter w to an M-site 
lattice *. It is obvious that 

fr?hn = rig/M = 1 - r/M_ (33) s,=o, s,=o 

Thus, it would appear that for irreversible binding, 
K + m and B(M) should equal uniCJ- whenever M is an 
integra3 multiple of rz and should approach one as the 
lattice grows longer. That is, the ligands should fill 
the lattice in the most efficient possible manner. 

Snf = M, Sf=GM<?z-1. (34) 

Let us also defme TAf as the average number of 

However, Glory [lo] showed nearly 40 years ago 
that in the irreversible intramolecular reaction be- 
tween neighboring substituents of vinyl polymers, a 
process equivalent to the irreversible binding of a 
2-&e ligand, the fraction of reacted sites, i.e., 8, 
should approach not 1, but 1 - e-* = 0.865. This 
prediction is, in fact, consistent with the experimen- 
tal results [14]. We therefore wish to reassess the 
applicability of eq. (33) to the irreversrble binding of 
long ligands. 

vacant lattice sites when our ligand binds irreversibly 
to an M-site lattice which is bordered by a bound 
ligand at.o!ze of its ends. Thus TM should be greater 
than, less than or equal to .S,, according to whether 
the ligand binds cooperatively, anti-cooperatively or 
noncooperatively. Finally we define U’T to be the 
corresponding quantity for a lattice bordered at both 

ends by bound ligands. Schematic diagrams of the 
lattices involved are shown in fig. 3. 

On consideration, it is clear that eq. (33) cannot 
be correct for irreversible binding, since it implies, 
for example, that when M=gn all the ligands bind in 
a single run without any gaps. For irreversible bind- 
ing, except in the limit of infiie cooper&i&y, this 
situation is extremely improbable, since if two 
ligands ever bind with fewer than II sites between 
them, those sites must remain forever isolated and 
vacant. If the binding is reversible, even if only slight- 
ly, then the ligands can rearrange themselves to bring 
about the efficiency of binding which eq. (33) im- 
plies. In the limit of a very small rate constant for 
dissociation from the lattice, we obtain eq. (33) 
but the necessary rearrangement of the ligands may 
take a very long time. These kinetic considerations 
thus imply that the treatment of sections 2.1 and 
2.2, which implicitly assumes this rearrangement of 
the ligands, must be modified to deal with irreversible 
binding. 

Now consider binding the first ligand to our naked 
M site lattice. Suppose the ligand binds starting at 
site I. This binding divides the lattice into two per- 
manently separated sublattices of length I - 1 and 
M - ?I - (Z - 1). Each of these lattices is singly 
bordered (see fig_ 3). If we take the number of lattice 
sites remaining after each of the two sublattices has 
reached saturation, add these together, and then 
average this result over all possible points of first 
attack I, we will obtain the desired quantity SN. 
Starting from the naked lattice, the first ligand is 
equally likely to bind at any of the M - ?i + 1 sites 
I= 1, 2, -.-, M - ?I + l_ On letting 2 range from 1 to 
M - II+ 1, we find that each of the sublattice 
lengths Z - 1 and (M - rz - (I - 1)) assumes values 
from 0 toM - II. Since the sublattices are singly 
bordered, they have by definition Tl_, and 
Taf_,_c~_lj sites remaining unoccupied at saturation. 
We thus have the recursion relation 

nf-11 
s = 

M 
2 c 

M - II + 1 1-3 =I- (35) 

* The cooperativity parameter w is defined here PS the ratio 
of the forward (association) rate constants for reactions 
(1) and (2), i.e., we consider the dissociation rate constants 
to be equal and negligibly small. 
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Fig. 3. The irreversible binding of an n-site l&and IO an M- 
sire Izttice. (a) The naked lattice used to calculate SM (b) 
The singly bordered lattice used to calculate Tap (c) The 
doubly bordered &mice used to calctdatz UJ~. (d) The l&and 
binds at position Z creating two singly bordered lattices of 
lengthsl- 1 andM- n- (I- 3). 

Since the number of sites remaining is indeperr 
dent of where the ligand binds for M < 2n- 1, we 
have 

TM = sM <or 0 GMd2rz - 1. (36) 

We need, however, a way to determine the TAf for 
M 2 2~ We apply the above procedure now to a 
singly bordered naked lattice of length M. The first 
ligand can bind at site 1 with relative probability w 
(since it will be adjacent to the bordering ligand), 
leaving a singly bordered lattice of ler@h M - n. 
Alternatively it can bind, with relative probability 1 
toanyoftheM-nsitesI=2,3,...,M-I?+1 
yielding a doubly bordered lattice of length 
il- JZ - (I- 1). As before, we can calculate T,, as 
the appropriately weighted sum over the ligands 
remaining after the sir&y bordered (contribution 
T,,,,_(z_ll) and doubly bordered (contribution 
Uz_ 1) sublattices have reacted. We obtain 

M-n- 1 M-n 

TAT = wTM-n+ uz I/ (M-JZ+W). 

(37) 

Again it ic clear that 

U&=S,, forOdM<21z-- 1. (38) 

AlI that remains now is to derive a recursion 
relation for U,, if Mb 2~ Fortunately, a lattice can 
be no more than doubly bordered, so we find tbat the 

first ligand binding to a doubly bordered naked M- 
site lattice yields either a doubly bordered lattice of 
length M - II with relative probability GJ if it binds 
ateitherend(Z=l orZ=M-n+l)ortwodoubly 
bordered lattices of len,oths 2 - 1 and M - n - (Z - 1) 
with relative probabiIity 1 if it binds at an interior 
position Z = 2, 3, ___, M - n. We thus obtain our final 
relation 

M-n-3 

u, (M- JZ - 1 i-20). 

(39) 

Eqs. (34-39) constitute a sufficient set for cal- 
culating all the SM. The extent of binding 6 is then 
given simply by 

e = i - s,pf_ (40) 

In the case of non-cooperative binding, w = I, we 
have UM = TM = S, for ali M and the set of equations 
reduces to eqs. (34-35) with T,, replaced by SM. For 
noncooperative binding with n = 2, the recursion 
relation may be transformed into a difference equa- 
tion [lo] which is soluble and which yields 

lim S,, = M/e2. 
As=- 

(41) 

which is the result referred to at the beginning of this 
section. 

3.2. CO?JZ~U~OJ~ with reversible binding 

On carrying out the calculation of e as a function 
of n, w andM for irreversible binding, we note several 
significant differences from our results for reversible 
binding. For a given degree of cooperativity and fvrkd 
lattice length, we find that e decreases with ligand 
size JZ. In contrast, table 1 shows that longer ligands 
bind more efficiently than shorter ones if all other 
parameters are held faed in the reversible binding 
process. We attribute this difference to the fact 
that for irreversible bind@ longer Iigands are less 
able to “get out of each other’s way” than are 
smaller ones, so that they tend to bind inefficiently 
with relatively !*xge gaps, which would tend to dis- 
appear if dissociation and rebinding were permitted. 

Surpr&@y, only for rather stron& anticoopera- 
tive ligands does the extent of irreversible binding 



exceed that of reversible binding with only moderate- 
ly high concentrations. For example, with 0 = 1, 
3 for irreversible binding is found to be roughly eqti 
to that for reversible binding with KL = 10 over a 
wide range of M and II values. With w = 5, irreversible 
and reversrhle binding @ve comparable B values 
when KL * 1. As cooperativity increases, it becomes 
increasingly more important for the ligands to be 
able to enter and leave the lattice in order that rhe 
“efficient” ccmf5gurations which contain long runs 
get the high statistical weight they are “entitled to”. 

4. c0nchrsi0n.s 

Our study of large &and binding to finite lattices 
has revealed several pieces of potentially useful and 
possibly surprising information. The approximation 
of an infinite lattice should be an accurate one in 
most cases even for quite short lattices. However, in 
cases where strong cooperativity is likely, a concentra- 
tion regime may be encountered in which this 
appro~mation breaks down. Use of analyses based 
on a finite lattice combined with experiments per- 
formed on lattices of different lengths may provide 
‘more information about the binding parameters 
than the conventional analysis based on the infinite 
lattice approximation_ Irreversible binding has been 
seen, on essentially kinetic grounds, to be fundamen- 
tally different, and far less effective in covering the 
lattice, than reversible binding. Depending upon 
future experimental developments, % may prove 
useful to consider more sophisticated models involv- 
ing end effects, inhomogeneous lattices, cooperativity 
of non-nearest neighbors, etc. We feel strongly that 
the combinatorial approach employed here can be of 
considerable utility in attacking a wide variety of 
such probllems. 
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